
COL7160 : Quantum Computing
Lecture 12: Quantum Fourier Transform

Instructor: Rajendra Kumar Scribe: Saarth Singla

1 Overview
In this lecture, we study the Discrete Fourier Transform (DFT) and its quantum analogue, theQuantum Fourier Trans-
form (QFT). The Fourier transform plays a central role in quantum algorithms such as phase estimation. We first
review the linear-algebraic structure of the DFT, show that it is unitary, and then explain how it can be implemented
efficiently on a quantum computer using only polynomially many quantum gates.

2 Discrete Fourier Transform
Let N ∈ N and define

ωN = e2πi/N ,

which is an N -th root of unity.

Definition 1. The Discrete Fourier Transform matrix FN ∈ CN×N is defined by

(FN )j,k =
1√
N

ωjk
N , j, k ∈ {0, 1, . . . , N − 1}.

The k-th column of FN is given by

|(FN )k⟩ =
1√
N


1
ωk
N

ω2k
N
...

ω
(N−1)k
N

 .

2.1 Roots of Unity
The roots of unity satisfy the following properties:

• ωk
N = 1 if and only if k ≡ 0 (mod N).

•
∑N−1

j=0 ωjx
N = 0 if x ̸≡ 0 (mod N).

The last identity follows from the geometric series formula:
N−1∑
j=0

ωjx
N =

ωxN
N − 1

ωx
N − 1

.

2.2 Unitarity of the Fourier Matrix
Theorem 2. The matrix FN is unitary.

Proof. We show that the columns of FN form an orthonormal set. Consider two columns k1 and k2:

⟨(FN )k1
|(FN )k2

⟩ = 1

N

N−1∑
j=0

ω
j(k2−k1)
N .

If k1 = k2, the sum equals 1. Otherwise, k2−k1 ̸≡ 0 (mod N) and the sum vanishes by the roots-of-unity identity.
Hence the columns are orthonormal, and F †

NFN = I .
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3 Fourier Transform onQuantum States
Since FN is unitary, it corresponds to a valid quantum operation. For a quantum state

|v⟩ =
N−1∑
x=0

vx |x⟩ ,

the Fourier transform acts as
|v⟩ 7−→ FN |v⟩ .

However, measuring the output state does not directly reveal all Fourier coefficients, since measurement yields only
one basis outcome. Thus, the QFT is powerful only when combined with additional algorithmic structure.

4 Phase Gates
Before constructing the QFT circuit, we define the phase gates used in the construction.

4.1 SingleQubit Phase Gate
The phase gate R(θ) is defined as:

R(θ) =

(
1 0
0 eiθ

)

4.2 Controlled Phase Gate
The controlled-phase gate applies a phase only when both the control and target qubits are in the state |1⟩.

P (θ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiθ


Remark 3 (Symmetry). For the controlled phase gate, it does not matter which bit is the control bit and which is the
target bit. The gate applies the phase eiθ if and only if both bits are 1 (|11⟩).
This symmetry allows us to write the gate simply as a vertical line connecting two qubits with dots, without explicitly
specifying a “direction”.

5 Quantum Fourier Transform (QFT)
Let N = 2n. TheQuantum Fourier Transform is the unitary operation that maps a computational basis state |x⟩ to:

|x⟩ QFT−−−→ 1√
N

N−1∑
y=0

ωxy
N |y⟩ , where ωN = e2πi/N

5.1 Product State Representation
We can expand the state to see that the QFT produces a tensor product of single-qubit states. Let the binary repre-
sentations be x = x1x2 . . . xn and y = y1y2 . . . yn.

y =

n∑
j=1

yj2
n−j
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Substituting this into the definition:

|x⟩ 7→ 1√
N

N−1∑
y=0

ω
x
∑n

j=1 yj2
n−j

N |y⟩

=
1√
N

N−1∑
y=0

 n∏
j=1

ω
xyj2

n−j

N

 |y⟩

=
1√
N

n⊗
j=1

(
|0⟩+ ωx2n−j

N |1⟩
)

5.1.1 Analyzing the Phase

Consider the exponent in the phase termωx2n−j

N = e2πi
x2n−j

2n = e2πi
x

2j . Using the binary expansionx =
∑n

l=1 xl2
n−l,

we can write:
x

2j
= x1 · · ·xn−j .xn−j+1 · · ·xn

The integer part (x1 . . . xn−j ) contributes e2πiK = 1 to the phase and can be removed. We are left with only the
fractional part:

0.xn−j+1 · · ·xn =

n∑
k=n−j+1

xk

2j−(n−k)

Thus, the QFT state can be written as:

|x⟩ QFT−−−→ 1

2n/2

(
|0⟩+ e2πi(0.xn) |1⟩

)
⊗
(
|0⟩+ e2πi(0.xn−1xn) |1⟩

)
⊗ · · · ⊗

(
|0⟩+ e2πi(0.x1···xn) |1⟩

)
6 Circuit Construction
We need a proper order to perform these updates. Notice that the phase of the j-th qubit depends on the input bits
xj , . . . , xn.

• The Hadamard gate H on |xj⟩ creates the superposition |0⟩+ e2πi(0.xj) |1⟩.

• The controlled phase gates P (θ) add the remaining terms 0.0xj+1 · · ·xn to the phase.

Since the output |z1⟩ (which corresponds to the phase 0.x1 . . . xn) depends on all input bits, while |zn⟩ depends only
on xn, we process the qubits in reverse or include SWAP gates at the end.

3



Figure 1: Quantum Fourier Transform circuit for three qubits, including controlled phase rotations and final swap
gates Rn.

6.1 Gate Complexity
The total number of gates is O(n2):

• Hadamard Gates: n gates (one per qubit).

• Controlled Phase Gates: n distinct gates. Each gate is applied at most n times.

• Swap Gates: n
2 swap gates are required at the end to reverse the order of the qubits to match the standard

binary representation.

7 Exercises
1. Read about the classical Fast Fourier Transform (FFT)

2. Think about the full quantum phase estimation algorithm using the QFT.

3. Think the relationship between integer factorization and order finding.
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